We apply a finite element analysis to examine the stability of spherical, thick-walled domes undergoing large deformation. We identify three energetic states, mono-stable, bi-stable, and pseudo-bi-stable that uniquely characterize the behavior of the dome during deformation. An empirical relation is developed using finite element simulations relating the stability of the dome to pertinent geometric parameters like height, length and thickness, which is verified experimentally. Using this relation, similar domes can be designed to have desired stability characteristics.
Introduction
Bi-stable structures undergoing large deformation have seen many novel applications in various fields. Some examples are micro-optical switches (Intaraprasonk and Fan, 2011; Han et al., 2002; Sulfridge et al., 2004 ) that rely on bi-stability to rapidly transition between states and, in nature, the Venus flytrap, which relies on geometrical nonlinearities to achieve transitions within a fraction of a second. The mechanism for these instabilities is described in Forterre et al. (2005) and bio-inspired applications are given in Holmes and Crosby (2007) and Shahinpoor (2011) .
One such structure that has been studied extensively is the thin, elastic spherical shell or cap. The snap-through and post-buckling process of these thin shell structures have been presented in Brodland and Cohen (1987) , Shilkrut (1994) , and Vaziri (2009) for a variety of boundary conditions and load cases. However, these results are only applicable when the thickness is very small compared to the radius of the shell and deformation is caused by bending. Comparatively less research has been directed to the study of thick-walled dome structures, which are also capable of exhibiting bi-stability. In this case, in addition to the predominantly bending deformation as in the case of thin-walled structures, the in-plane tension/compression in the wall becomes important, leading to sizable stress in the longitudinal or hoop directions.
The work done by Santer (2010) and Brinkmeyer et al. (2012) represents the most relevant research in this area. In their studies, a viscoelastic model is applied to a thick-walled dome structure to study the dynamic behavior, especially the geometric dependence of the time taken to return to equilibrium from the deformed state (snap-back). Chen et al. (2012) gives an indication of how the bistable characteristics of a structure with geometric nonlinearity can change as certain geometric parameters are varied. Variations of these parameters can lead to bifurcations in stability i.e., transitions from mono-to bi-stable states. Brinkmeyer et al. (2012) noted the presence of a critical dimensional parameter of the dome which is capable of predicting the bi-stable behavior of the structure, and they went on to identify a so called 'pseudo-bi-stable' geometry in which the snap-back occurs without external perturbation.
In this paper, the bi-stable characteristics of thick-walled spherical domes are explored in an effort to generalize and extend the work done by Brinkmeyer et al. Finite element analysis (FEA) is used to examine the variation of energy during deformation. Critical geometric parameters determining the stability of a dome are identified, resulting in simple, non-dimensional equations that define the transition between mono-stable (monotonically increasing energy) to bi-stable geometries. The energy stored in the metastable state is expressed as a function of these geometric parameters. Experimental results demonstrate a pseudo-bi-stable state that occurs for geometries near the transition between mono-and bi-stability. The work results in a map of the stability characteristics as a function of non-dimensional geometric parameters, which can be used to design domes with desired stability characteristics. The validity of the map is confirmed experimentally. Additionally, a parametric study was conducted to evaluate the level of stored energy in the bifurcated states.
Methods

Model definition
The model is defined to be axisymmetric as shown in Fig. 1 . The inner and outer surfaces are defined by curves with different radii having common center O. The length of the dome, defined by the horizontal distance from the axis of rotation to the base of the inner surface, is denoted by L. Similarly the height H is defined as the distance from the base of the dome to the top of the inner surface. The dome has a uniform thickness t. A small cylindrical hole of radius r h is created at the top of the dome and the inner surface is pinned by constraining the translational degrees of freedom.
Deformation is simulated using a displacement boundary condition to fully observe the behavior at both the stable and metastable configurations. The displacement boundary condition is prescribed by applying a quasi-static displacement d to the base at the outer edge, with no constraint in the direction perpendicular to the displacement. The dimension of the hole in the center has a negligible effect to the total strain energy of the system for r h < 5% of L. (See supplemental materials Section S1, available in the online version of this paper.).
Finite element formulation and implementation
Finite element analysis (FEA) is often utilized in the study of both bifurcation and limit point buckling. Bifurcation occurs when the equilibrium solution to the mechanical system divides into multiple paths. In limit point buckling, the system reaches a configuration at which further deformation yields an unstable state, and the system is forced to snap into a secondary equilibrium state (Wullschleger and Meyer-Piening, 2002) . Limit point buckling of a dome occurs when it snaps into its inverted configuration. In this study, we look at two commonly used methods for analyzing limited point buckling of a thick-walled domes: modified Riks method and the static damping method.
The FEA package ABAQUS/Standard is used to implement the analysis for the aforementioned methods. For all cases, a linear elastic, isotropic material is considered with material properties matching that of polydimethylsiloxane (PDMS) which has been used to fabricate experimental specimens in the current study (Section 2.4). However, by defining the non-dimensional force and energy (cf. Section 2.3), we remove the dependence of stability on elastic modulus which serves to generalize the results.
Modified Riks method
Nonlinear FEA is required to accurately analyze large deformation bifurcation and limit point buckling problems, and to study post-buckling behavior of nonlinear systems. The most common nonlinear computational tool for limit point buckling problems is the arc-length method. The arc length method employed here is the modified Riks method (MRM) implemented in the FEM software ABAQUS (Abaqus, 2012) . Riks method has been used to study a variety of buckling problems, including post-buckling behavior of reinforced plates (Lanzi, 2004) and limit point buckling of dome structures (Lv et al., 2011) .
The MRM assumes that the load at each solution increment is related to the magnitude of the full load by a factor k and solves for the relationship between k and the displacement, u. At each increment, the tangential stiffness matrix is used to find the line tangent to the k-u curve at the current solution point. The tangent line is traversed a distance related to the current arc length, which is initially specified by the user, and adjusted adaptively in ABA-QUS. The algorithm then looks for equilibrium in the plane that passes though this new point and is perpendicular to the tangent line (Abaqus, 2012) .
For thick-walled domes studied here, solid, quadratic, tetrahedral elements are used in the MRM analysis. To accurately capture the bending deformation (Puso and Solberg, 2006) , and to prevent mesh locking (Abaqus, 2012) , the C3D10 element (10-noded quadratic tetrahedron; see Fig. 2 ) is chosen. The nonlinear geometry (NLGEOM) option is activated to account for large deformation. A mesh refinement study is performed to compare different mesh types and densities. A full model rather than an axisymmetric model is considered in order to examine the effect of possible asymmetric buckling modes. This is discussed in more detail in the supplemental materials (Section S2).
Static damping method
Static damping method (SDM) is another approach which utilizes dampers to prevent divergence in an unstable, nonlinear analysis. The problem is solved using the same Newton-Rhapson iteration scheme as static, nonlinear analysis. However the addition of dampers stabilizes the system by adding small, viscous forces. These forces prevent the high velocity motion from happening during buckling (Becque and Rasmussen, 2009 ). Damping forces are calculated using the equation: where F is the force matrix, l is the damping coefficient, M is the artificial mass matrix, u is the displacement matrix, and Dt is the time increment. The model is considered valid if the energy dissipated by artificial damping is significantly less than the total elastic strain energy (Becque and Rasmussen, 2009 ). Dampers can be added to each node manually or automatically to the whole system with the ABAQUS automatic stabilization option (Abaqus, 2012) . This damping method has been used by Hoveidae and Rafezy (2012) to study the buckling behavior of restrained braces in buildings and by Becque and Rasmussen (2009) to study the buckling of stainless steel ''I'' columns.
We implement the SDM method using the same solid element mesh as the one with the MRM (Fig. 2) . We apply three dampers to each node, one for each Cartesian direction, and gradually increase the damping until the divergent static analysis converges. Dampers are connected from each node on the bottom outer rim of the dome to ground. The boundary conditions are the same as that used in the MRM.
We determine the accuracy of the FEA methods described above by calculating the normalized root mean square deviation (NRMSD) between the results from the two methods for multiple dome geometries. We find that the average NRMSD is 2.95%, indicating good agreement. This is explored in more detail in the supplemental materials (Section S3).
Non-dimensional parameters
We use the Buckingham Pi Theorem (Buckingham, 1914) to create non-dimensional P groups to generalize the results obtained in this paper, the method for which is described in the supplemental materials Section S4. We find that two fundamental units are sufficient for deriving the other remaining terms. Choosing k, the elastic modulus and L, the length of the dome, we formulate the following P groups. Non-dimensional length, a Ã i is defined as:
where a i is H; t; d or r h for i = 1,2,3,4; as defined in Fig. 1 .
Non-dimensional force, F Ã is defined as:
Finally, non-dimensional energy, E Ã is defined as
These P groups reduce the number of relevant parameters and allow the geometry to be rescaled without changing the solution.
Experimental specimen fabrication
Hemispherical domes are fabricated from PDMS (Corning Sylgard 184) to validate the stability characteristics obtained using the finite element model. PDMS with the standard 10:1 formulation of base to cross-linker is used in this study which gives the mechanical properties of k ¼ 1:8 MPa;m ¼ 0:49. The material is known to be linearly elastic up to 40% strain (Schneider et al., 2008) .
The fabrication technique involves coating and subsequently curing multiple layers of PDMS on steel ball bearings to create domes with consistent thickness. PDMS is cut from the ball bearings with a cylindrical punch. (Fig. 3(A) ). The domes produced using this method have length, L, between 4 mm and 6 mm and thickness, t, ranging from 200 lm to 600 lm, depending on the number of layers coated (Fig. 3(B) ). The thickness of the domes is measured using an optical microscope by taking an average of the measurements at various points along the longitudinal cross-sections. Fig. 3(C) shows the cross-section of a typical specimen produced using this method. These specimens are used to verify the stability characteristics obtained from the simulations in Section 3.4.
Experimental validation
We validate the results obtained from the finite element analysis by comparing the force versus displacement behavior predicted by the simulations to that measured experimentally.
The testing is performed using a standard Instron screw driven test machine rated at 500 N along with custom mounting attachments, shown in Fig. 4 . We opted to use a larger scale dome made out of a rubber-like polymer during mechanical testing to ensure we obtain satisfactory resolution from the load cell. The dimensions of the dome are H ¼ 16:3 mm and L ¼ 23:1 mm. The thickness is non-uniform with t ¼ 6 mm at the top and t ¼ 2:2 mm at the bottom and varies smoothly along the cross-section. There is a small lip protruding along the inner surface of the bottom of the dome which we chose not to model to aid in convergence of the simulation.
We securely attach the top of the dome to the load cell using a threaded fastener to record the forces during instability where loss of contact can be expected. The bottom of the dome is mounted on a hollow cylindrical base to allow for full inversion of the dome during deformation. The base is lowered at a constant cross-head speed of 10 mm/min. Dry graphite lubricant is applied to the surfaces of contact to ensure minimum constraint in the radial direction.
Results
Response characteristics
To examine the effects of dome geometry on the nonlinear deformation characteristics, the reaction force on the fixed boundary as well as the total strain energy of the system are plotted against the displacement of the base at the outer edge. Typical force-displacement and energy-displacement curves are given below in Figs. 5 and 6, respectively.
Force characteristics and validation
Fig . 5 shows that the reaction force during deformation may decrease as buckling occurs. This is expected in limit point buckling when the system snaps to the buckled configuration.
Here, the finite element results are obtained by analytically differentiating the energy-displacement curve from ABAQUS. It must be noted that the boundary conditions used in the simulation are those defined in Section 2.1 (i.e., deformation applied to the outer edge of the dome) and hence do not perfectly match those used during testing. However, we do find that the results are comparable as seen in the figure. We have scaled the curves in the y-axis so that the maximum of both curves coincide in order to take advantage of the non-dimensional scaling of force (cf. Section 2.3). We use a value of m ¼ 0:48 for the simulation which is typical for these type of materials (Fathi et al., 2012) .
A comparison of the two curves at critical points is given in Table 1. We find that the two results are similar within experimental tolerances at these points. However, there is some discrepancy, especially after the maximum force occurs. We attribute this to the difference in boundary conditions as well as nonlinearities in material behavior that the simulation does not capture. After the point of minimum non-zero force, we get some contact between the inverted dome and the base which could explain the sharp increase in force in the experimental data.
This test demonstrates the ability of the finite element model to reproduce the experimental results.
Energy characteristics
The energy-displacement curve in Fig. 6 suggests the existence of two local energy minima during the deformation of the dome: the undeformed state and a local energy minimum at some nonzero displacement. We refer to this system as bi-stable and the local minimum at non-zero displacement as the metastable state. The energy at the metastable state is referred to as E Ã min , and the energy at the limit point buckling is denoted as E Ã max . The depth of the energy well of the metastable state is then E
The Von Mises stress distribution for a typical bi-stable dome is given in Fig. 7 . Fig. 7 (A) though 7(E) depict the stress distributions with increasing magnitude of deformation d. The states Fig. 7 (A) to 7(E) are labeled in the energy vs. displacement curve in Fig. 6 . A video V1 of the FEA simulation results of a typical dome deformation and snapping process is given in the Supplemental Material. Fig. 7 shows the trend of increasing stresses as deformation increases until the unstable equilibrium state E Ã max is reached, and a relaxed stress state when the dome snaps to the metastable state. As deformation increases past the metastable state, energy monotonically increases as in Fig. 7(E) . The figure also shows that there is local stress concentration near the cylindrical hole (r h ). However, as seen in the supplemental material, this does not have a large effect on the total energy of the system. Our FEA simulation results indicate that the characteristics of the dome behavior depends on its thickness. A family of energy vs. displacement curves for domes of different thicknesses (but constant length and height) are plotted in Fig. 8 . Fig. 8 shows that the total strain energy increases as the thickness of the dome increases. However, we observe that the metastable state exists only when the thickness of the dome is less than a critical thickness, t c . At t c , the minimum slope of the energy vs. displacement curve is zero. For dome thicknesses below t c , the energy well depth, E Ã d decreases with increasing thickness. Above t c , the energy well does not exist and total strain energy increases monotonically with increasing d.
Effect of Poisson's ratio
We now provide a study of the effect of the Poisson's ratio, m, on the energy characteristics. We use 2 representative geometries which gives an indication of the general trend in behavior. Our results are presented in Fig. 9 . The dimensions of the geometries are given in the corresponding figure captions.
We observe that m indeed has an effect on the energies of the system. As the value of m is increased, both E Ã max and E Ã min increase. However, the rate at which E Ã max increases is smaller than that for E Ã min and consequently, the depth of the energy well, E Ã d , decreases. Thus, it is possible to obtain different stability characteristics for the same geometry by varying m as observed in Fig. 9(A) where the dome transitions from bi-stable to mono-stable as m increases.
The rest of the paper uses a Poisson's ration of m ¼ 0:49 which is consistent with PDMS. This limiting case can be applied to other nearly incompressible materials which are suited for this type of application involving large deformation.
Bi-stable critical thickness
To study the geometric conditions required for bi-stability, we formally define the value of critical thickness, t c to be the thickness of the dome such that E By varying the thickness of the dome for fixed values of L and H, it is possible to determine the critical thickness above which there is no energy well. Practically these points are obtained by averaging the dimensions of the closest bi-stable and mono-stable points as indicated by Fig. S6 in the supplemental materials Section S5. We found that a linear fit gives a good approximation of the variation of t c for the tested geometries. This fit gives the following expression relating the critical thickness to the height and length of the dome:
where the values of the coefficients a 0 and a 1 are obtained from 11 data points with an R-squared value of 0.9993 as given in Table 2 , indicating a good fit. The above equation describes the stability properties of the dome for various geometric parameters, H and L. For given dome shape (H and L) a thickness below t c gives rise to an E Ã d greater than zero and thus a bi-stable dome. Whereas a thickness above t c leads to a monostable dome.
It is noted that the above given equation is not universal; it is valid for the following range of values. We limited our analysis to a region H=L ¼ ð0:15; 0:45Þ. Additionally, experimental data obtained in the region H=L ¼ ð0:35; 0:65Þ in Section 3.4 indicates that the relation is consistent for these values. As such our relation cannot be applied for very shallow domes (H=L < 0:15) or almost hemispherical domes (H=L > 0:65). This data is given in Fig. S6 of the supplemental materials.
We have also chosen not to study the case for thin domes (t=L ( 1) as this behavior is well developed in past works; cf. Brodland and Cohen (1987) and Shilkrut (1994) . It is possible, however, to predict that these domes will exhibit bi-stability as they have thickness smaller than t c and this fact is supported by the literature. These domes will also have a large value of E Ã d (cf. Section 3.5). Similarly, inside the region of validity, very thick domes exhibit mono-stability as indicated by our simulations.
Stability characteristics
Empirical relation (5) is validated using the fabricated PDMS domes. Testing is done by deforming the top of the specimen using a thin, rigid indenter while the base is placed on a surface with circular hole to allow for full deformation as in Fig. 10 .
The external deformation is removed when the dome is fully inverted. We classify the domes into the three stability characteristics defined earlier: mono-, bi-and pseudo-bi-stable states, based on the behavior at the inverted position. Mono-stable domes recover their original shapes as the loading is removed. Bi-stable domes possess two equilibrium states and thus stay in the inverted configuration unless perturbed. Pseudo-bi-stable domes also have a second stable state but revert to their undeformed state though a swift snap-back without perturbation after a short time (around 1 to 10 s). The delayed snap-back is due to the visco-elastic nature of PDMS and is explained more throughly in Brinkmeyer et al. (2012) . The videos provided online illustrate the differences between the three categories. V2 illustrates a bi-stable geometry, V3 illustrates a pseudo-bi-stable geometry, and V4 illustrates a mono-stable geometry. We performed the experiment for a large number of specimens. The stability characteristics of the tested domes are represented by different symbols as a function of their dimensions, normalized by L, shown in Fig. 11 . The dashed line is the relation for t c as a function of H and L (Eq. (5)). Fig. 11 shows that our experimental data is consistent with the predicted bi-stable boundary, t c , determined by FEA. The domes that are bi-stable lay in the region below the line t c in Fig. 11 while mono-stable domes are above the line. The domes that are pseudobi-stable have geometries close to the transition line, indicating a very shallow energy well (small E Ã d ).
Dome design and parametric study
Based on the preceding discussion, we see that the stability characteristics of the dome depends on the geometric parameters t=L and H=L. By varying these parameters, we can design a dome for desired stability characteristics (i.e., bi-stable, mono-stable or pseudo-bi-stable). This behavior can be characterized by the energy well, E Ã d which is non-zero only for bi-stable domes. We now present an empirical relation that relates E Ã d to the geometric parameters.
Energy well characteristics
For different bi-stable geometries, the finite element solutions can be used to determine
We compute these values for various dome configurations by varying the ratios t=L and H=L systematically. The results are presented in Fig. 12 for certain fixed values of t=L. Using MATLAB, the numerical data for E Ã d is fitted with a quadratic surface. The fitted equation of the data takes the form:
where the coefficients are given in Table 3: The surface in Fig. 12 and the resulting empirical relation (6) are valid in the region where we obtain simulation results. A plot of all the geometries used to generate this relation is presented in Section S5 of the supplemental materials. This relation is valid for bi-stable geometries which lie close to the transition line, t c . Care must be taken selecting the range of geometric parameters since extrapolation beyond the given range would not yield accurate results. Fig. 12 indicates that the metastable state becomes more stable (E Ã d increases) as the thickness t decreases or the height H increases for a constant value of the other two parameters. The same trend is observed for the experimental specimens given in Tables 4 and 5 . Notice how the metastable state transitions as each parameter is varied individually. This variation changes the value of E Ã d according to Eq. (6) and we cross the transition line separating the different stability regions. Using these observations, we can design a dome geometry to have desirable characteristics by choosing the geometric parameters to place the structure in the desired region of Fig. 11 .
Experimental trends
Conclusion
This report characterizes the stability of a thick-walled hemispherical dome. Based on energy-displacement plots from FE simulations, three categories of dome characteristics are identified: mono-stable, bi-stable, and pseudo-bi-stable. Geometries having thicknesses below the critical values exhibit bi-stable equilibrium states, while domes having thickness larger than the critical value are mono-stable. If the thickness of the dome is close to the critical value, the dome may be pseudo-bi-stable, in which case it can revert to its undeformed state by snap-back, releasing the energy stored in the system. FEA is used to find the dependence of the critical thickness on the dome geometries, leading to a linear approximation of the stability boundary.
Additionally, experiments with PDMS specimens are carried out to validate the simulation results. The experimental observations agree well with the behavior predicted from simulations, and the critical boundary is verified. Domes with thickness smaller than the critical value exhibit bi-stable characteristics, while those with thickness larger than the critical value exhibit monostable characteristics. Domes with geometries close to the critical value often exhibit pseudo-bi-stable behavior, or can be easily perturbed to snap-back. The results of this work allow domes to be designed with predetermined stability characteristics based on a simple relation between the thickness of the dome and its geometry. 
